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MULTIPLE SOLUTIONS FOR RESONANT PROBLEMS OF THE
ROBIN p-LAPLACIAN PLUS AN INDEFINITE POTENTIAL
NIKOLAOS S. PAPAGEORGIOU, VICENT¸IU D. RA˘DULESCU, AND DUSˇAN D. REPOVSˇ
Abstract. We study a nonlinear boundary value problem driven by the p-
Laplacian plus an indefinite potential with Robin boundary condition. The
reaction term is a Carathe´odory function which is asymptotically resonant at
±∞ with respect to a nonprincipal Ljusternik-Schnirelmann eigenvalue. Using
variational methods, together with Morse theory and truncation-perturbation
techniques, we show that the problem has at least three nontrivial smooth
solutions, two of which have a fixed sign.
1. Introduction
Let Ω ⊆ RN be a bounded domain with a C2-boundary ∂Ω. In this paper we
study the following nonlinear Robin boundary value problem
(1)


−∆pu(z) + ξ(z)|u(z)|
p−2u(z) = f(z, u(z)) in Ω,
∂u
∂np
+ β(z)|u|p−2u = 0 on ∂Ω.
Here ∆p denotes the p-Laplacian differential operator defined by
∆pu = div (|Du|
p−2Du) for all u ∈W 1,p(Ω), 1 < p <∞.
Also, ξ ∈ L∞(Ω) is an indefinite (that is, sign changing) potential function. The
reaction term f(z, x) is a Carathe´odory function (that is, for all x ∈ R the mapping
z 7→ f(z, x) is measurable and for almost all z ∈ Ω the function x 7→ f(z, x) is
continuous) which is p-sublinear in x ∈ R and asymptotically interacts as x→ ±∞
with the nonprincipal part of the spectrum of W 1,p(Ω) ∋ u 7→ −∆pu+ ξ(z)|u|
p−2u
with Robin boundary condition. In the boundary condition,
∂u
∂np
denotes the gen-
eralized normal derivative on ∂Ω, defined by
∂u
∂np
= |Du|p−2(Du, n)RN = |Du|
p−2 ∂u
∂n
for all u ∈W 1,p(Ω),
with n(·) being the outward unit normal on ∂Ω. The boundary coefficient function
β(·) satisfies β ∈ C0,α(∂Ω) with 0 < α < 1 and β(z) > 0 for all z ∈ ∂Ω. When β ≡
0, we get the Neumann problem. In this resonant setting, we prove a multiplicity
theorem, producing three nontrivial smooth solutions.
Previous three solutions theorems for equations driven by the p-Laplacian with
zero potential function (that is, ξ ≡ 0), were proved by Gasinski & Papageorgiou
[9], Guo & Liu [10], Liu & Liu [13], Motreanu, Motreanu & Papageorgiou [14],
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Papageorgiou & Papageorgiou [18], Papageorgiou & Ra˘dulescu [19, 21] (Dirichlet
problems) and Gasinski & Papageorgiou [8], Motreanu, Motreanu & Papageorgiou
[15] (Neumann problems). Recently, Mugnai & Papageorgiou [17] considered Neu-
mann problems driven by the p-Laplacian plus an indefinite potential, while Papa-
georgiou & Ra˘dulescu [20, 22] studied Robin problems driven by the p-Laplacian
with no potential function. Of the aforementioned works, resonant problems are
treated only in [13], [14], [17], and [20]. In all these works resonance occurs with re-
spect to the principal eigenvalue. The reason for this is that due to the nonlinearity
of the differential operator, the eigenspaces are not linear spaces and consequently
the underlying Sobolev space does not have a direct sum decomposition in terms of
the eigenspaces. In addition, we have only partial knowledge of the spectrum of the
operator. These drawbacks make the study of problems which are resonant with re-
spect to the nonprincipal part of the spectrum, rather difficult and require different
tools to prove existence and multiplicity theorems. Our approach uses variational
methods based on the critical point theory for linking sets over cones (since the
eigenspaces are cones), together with Morse theory (critical groups). With these
tools we prove the existence of at least three nontrivial smooth solutions.
2. Mathematical Background
In this section, for the convenience of the reader, we briefly recall the main
mathematical tools which will be used in the sequel.
So, let X be a Banach space with X∗ its topological dual. By 〈·, ·〉 we denote the
duality brackets for the pair (X∗, X). Given ϕ ∈ C1(X,R), we say that ϕ satisfies
the “Cerami condition” (the C-condition for short), if the following property holds:
“Every sequence {un}n>1 ⊆ X such that {ϕ(un)}n>1 ⊆ R is bounded and
(1 + ||un||)ϕ
′(un)→ 0 in X
∗,
admits a strongly convergent subsequence”.
Since the underlying Banach space is in general not locally compact (in most ap-
plications X is infinite dimensional), the necessary compactness condition needed
to have a coherent theory is passed to the functional ϕ by introducing the afore-
mentioned C-condition. This is analogous to what happens in infinite dimensional
degree theory (the Leray-Schauder degree theory). The C-condition leads to a
deformation theorem describing the changes in the topological structure of the sub-
level sets ϕ. From this, one can derive the minimax theory of the critical values
of ϕ. Prominent in that theory, is the so-called “mountain pass theorem” due to
Ambrosetti and Rabinowitz [2].
Theorem 1. Suppose that ϕ ∈ C1(X,R) satisfies the C-condition, u0, u1 ∈ X,
||u1 − u0|| > ρ > 0
max{ϕ(u0), ϕ(u1)} < inf[ϕ(u) : ||u− u0|| = ρ] = mρ
and c = inf
γ∈Γ
max
06t61
ϕ(γ(t)), where Γ = {γ ∈ C([0, 1], X) : γ(0) = u0, γ(1) = u1}.
Then c > mρ and c is a critical value of ϕ.
For our problem, the underlying space is the Sobolev space W 1,p(Ω) with the
norm
||u|| =
[
||u||pp + ||Du||
p
p
]1/p
for all u ∈W 1,p(Ω).
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In addition, we will also use the ordered Banach space C1(Ω), with positive
(order) cone given by
C+ = {u ∈ C
1(Ω) : u(z) > 0 for all z ∈ Ω}.
In C+ we consider the nonempty open set D+ given by
D+ = {u ∈ C+ : u(z) > 0 for all z ∈ Ω}.
To deal with the Robin boundary condition, we will need the “boundary” Lebesgue
spaces Lq(∂Ω) (1 6 q 6∞). So, on ∂Ω we consider the (N − 1)-dimensional Haus-
dorff (surface) measure denoted by σ(·). Using this measure, we can define the
Lebesgue spaces Lq(∂Ω). From the theory of Sobolev spaces, we know there exists
a unique linear continuous map γ0 : W
1,p(Ω) → Lq(∂Ω), known as the trace map,
such that γ0(u) = u|∂Ω for all u ∈ W
1,p(Ω) ∩ C(Ω). So, we can understand the
trace map as representing the boundary values of u ∈ W 1,p(Ω). We know that γ0
is a compact mapping into Lq(∂Ω) for all q ∈
[
1,
p(N − 1)
N − p
)
and
im γ0 =W
1
p′
,p
(∂Ω)
(
1
p′
+
1
p
= 1
)
and ker γ0 =W
1,p
0 (Ω).
In the sequel, for the sake of notational simplicity, we shall drop the use of the
map γ0. It is understood that all restrictions of the Sobolev functions u ∈ W
1,p(Ω)
on ∂Ω, are defined in the sense of traces.
Next, we recall some basic facts about the spectrum of the differential operator
u 7→ −∆pu + ξ(z)|u|
p−2u with Robin boundary condition. For details we refer to
Mugnai & Papageorgiou [17] and Papageorgiou & Ra˘dulescu [20].
We consider the following nonlinear eigenvalue problem:
(2)


−∆pu(z) + ξ(z)|u(z)|
p−2u(z) = λˆ|u(z)|p−2u(z) in Ω,
∂u
∂np
+ β(z)|u|p−2u = 0 on ∂Ω.
We say that λˆ ∈ R is an eigenvalue of the differential operator, if problem (2)
admits a nontrivial solution uˆ ∈ W 1,p(Ω), known as an eigenfunction corresponding
to the eigenvalue λˆ. We know that there exists a smallest eigenvalue λˆ1 ∈ R which
has the following properties:
• λˆ1 is isolated in the spectrum σˆ(p) of the differential operator;
• λˆ1 is simple (that is, if uˆ1, uˆ2 are eigenfunctions corresponding to λˆ1, then
uˆ1 = ξuˆ2 for some ξ 6= 0); and
• λˆ1 = inf
[
γ(u)
||u||pp
: u ∈ W 1,p(Ω), u 6= 0
]
, where γ : W 1,p(Ω) → R is the C1-
functional defined by
(3) γ(u) = ||Du||pp +
∫
Ω
ξ(z)|u|pdz +
∫
∂Ω
β(z)|u|pdσ for all u ∈ W 1,p(Ω).
The infimum in (3) is realized on the corresponding one dimensional eigenspace.
Evidently, the elements of this eigenspace do not change sign. In what follows,
by uˆ1 we denote the positive L
p-normalized (that is, ||uˆ1||p = 1) eigenfunction
corresponding to the eigenvalue λˆ1. The nonlinear regularity theory (see Lieberman
[12, Theorem 2]), implies that uˆ1 ∈ C+\{0}. Moreover, using the nonlinear strong
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maximum principle (see, for example, Gasinski & Papageorgiou [7, p. 738]), we
show that uˆ1 ∈ D+.
It is easy to show that the spectrum σˆ(p) is closed and so given the isolation of
λˆ1, the second eigenvalue of (2) is well-defined by
λˆ2 = inf[λˆ ∈ σˆ(p) : λˆ > λˆ1].
Using the Ljusternik-Schnirelmann minimax scheme with the Fadell-Rabinowitz
cohomological index ind (·) (see [6]), we produce a whole sequence {λˆk}k>1 of dis-
tinct eigenvalues such that λˆk → +∞ (see Cingolani & Degiovanni [4]). However,
we do not know if this sequence exhausts σˆ(p). This is the case if p = 2 (lin-
ear eigenvalue problem) or N = 1 (ordinary differential equation). All eigenvalues
λˆ 6= λˆ1 have nodal (that is, sign changing) eigenfunctions.
As we already mentioned in the introduction, our approach involves also the use
of critical groups (Morse theory). So, let us briefly recall some basic definitions and
facts from that theory.
So, let X be a Banach space, ϕ ∈ C1(X,R) and c ∈ R. We introduce the
following sets:
Kϕ = {u ∈ X : ϕ
′(u) = 0} (the critical set of ϕ),
Kcϕ = {u ∈ Kϕ : ϕ(u) = c} (the critical set of ϕ at the level c),
ϕc = {u ∈ X : ϕ(u) 6 c} (the sublevel set of ϕ at c).
Let (Y1, Y2) be a topological pair such that Y2 ⊆ Y1 ⊆ X . For every k ∈ N0,
by Hk(Y1, Y2) we denote the kth-relative singular homology group with integer
coefficients for the pair (Y1, Y2). Recall that Hk(Y1, Y2) = 0 for all k ∈ −N. If
u ∈ Kcϕ is isolated, then the critical groups of ϕ at u are defined by
Ck(ϕ, u) = Hk(ϕ
c ∩ U,ϕc ∩ U\{u}) for all k ∈ N0.
Here, U is a neighborhood of u such that Kϕ ∩ ϕ
c ∩ U = {u}. The excision
property of the singular homology implies that the above definition of critical groups
is independent of the particular choice of the neighborhood U .
If ϕ ∈ C1(X,R) satisfies the C-condition and inf ϕ(Kϕ) > −∞, then the critical
groups of ϕ at infinity are defined by
Ck(ϕ,∞) = Hk(X,ϕ
c) for all k ∈ N0,
with c < inf ϕ(Kϕ). The second deformation theorem (see Gasinski & Papageorgiou
[7, p. 628]), implies that this definition is independent of the choice of the level
c < inf ϕ(Kϕ).
Assuming that Kϕ is infinite, we define
M(t, u) =
∑
k>0
rankCk(ϕ, u) for all t ∈ R, all u ∈ Kϕ,
P (t,∞) =
∑
k>0
rankCk(ϕ,∞) for all t ∈ R.
The Morse relation says that
(4)
∑
u∈Kϕ
M(t, u) = P (t,∞) + (1 + t)Q(t) for all t ∈ R,
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whereQ(t) =
∑
k60
βkt
k is a formal series in t ∈ R with nonnegative integer coefficients
βk.
From (4) it follows easily that, if for some m ∈ N we have Cm(ϕ,∞) 6= 0, then
there exists u ∈ Kϕ such that Cm(ϕ, u) 6= 0. Moreover, if u ∈ X is a local minimizer
of ϕ, then
Ck(ϕ, u) = δk,0Z for all k ∈ N,
with δk,0 being the Kronecker symbol, that is,
δk,ϑ =
{
1 if k = ϑ
0 if k 6= ϑ
for all k, ϑ ∈ N0.
Let A :W 1,p(Ω)→W 1,p(Ω)∗ be the nonlinear map defined by
〈A(u), h〉 =
∫
Ω
|Du|p−2(Du,Dh)RNdz for all u, h ∈W
1,p(Ω).
From Motreanu, Motreanu & Papageorgiou [16, p. 40], we have the following
property.
Proposition 2. The map A :W 1,p(Ω)→W 1,p(Ω)∗ is bounded (maps bounded sets
into bounded sets), demicontinuous, maximal monotone and of type (S)+, that is,
“un
w
→ u in W 1,p(Ω), lim sup
n→∞
〈A(un), un − u〉 6 0⇒ un → u in W
1,p(Ω)”.
Also, as a consequence of the properties of λˆ1 and uˆ1, we have (see Papageorgiou
& Ra˘dulescu [20]).
Proposition 3. If ϑ ∈ L∞(Ω), ϑ(z) 6 λˆ1 for almost everywhere z in Ω, ϑ 6≡ λˆ1,
then there exists c0 > 0 such that
γ(u)−
∫
Ω
ϑ(z)|u|pdz > c0||u||
p for all u ∈ W 1,p(Ω).
We now fix our notation. Given x ∈ R, we set x± = max{±x, 0}. Then for
u ∈ W 1,p(Ω) we define
u±(·) = u(·)±.
We have u± ∈ W 1,p(Ω), u = u+ − u−, |u| = u+ + u−. Given a measurable
function g : Ω× R→ R (for example, a Carathe´odory function), we define
Ng(u)(·) = g(·, u(·)) for all u ∈W
1,p(Ω),
which is the Nemytskii (superposition) operator corresponding to g.
Finally, we introduce the hypotheses on the data of problem (1):
H(ξ) : ξ ∈ L∞(Ω).
H(β) : β ∈ C0,α(∂Ω) with α ∈ (0, 1) and β(z) > 0 for all z ∈ ∂Ω.
Remark 1. If β ≡ 0, then we obtain the Neumann problem. So, our framework
here includes the Neumann problem as a special case.
H(f) : f : Ω × R → R is a Carathe´odory function such that f(z, 0) = 0 for
almost all z ∈ Ω and
(i) for every ρ > 0, there exists aρ ∈ L
∞(Ω) such that
|f(z, x)| 6 aρ(z) for almost all z ∈ Ω, all |x| 6 ρ;
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(ii) there exists an integer m > 2 such that
lim
x→±∞
f(z, x)
|x|p−2x
= λˆm uniformly for almost all z ∈ Ω;
(iii) if F (z, x) =
∫ x
0
f(z, s)ds, then
lim
x→±∞
[f(z, x)x− pF (z, x)] = +∞ uniformly for almost all z ∈ Ω; and
(iv) there exist functions ϑˆ, ϑ ∈ L∞(Ω) such that
ϑ(z) 6 λˆ1 for almost all z ∈ Ω, ϑ 6≡ λˆ1,
ϑˆ(z) 6 lim inf
x→0
f(z, x)
|x|p−2x
6 lim sup
x→0
f(z, x)
|x|p−2x
6 ϑ(z) uniformly for almost all
z ∈ Ω.
Remark 2. Hypothesis H(ii) implies that asymptotically at ±∞, we have reso-
nance with respect to any nonprincipal Ljusternik-Schnirelmann eigenvalue of the
differential operator. Hypotheses H(f)(i), (ii) imply that
(5) |f(z, x)| 6 c1(1 + |x|
p−1) for almost all z ∈ Ω, all x ∈ R, some c1 > 0.
Hypothesis H(f)(iv) says that we have nonuniform nonresonance at zero with
respect to the principal eigenvalue λˆ1 from the left.
3. Constant Sign Solutions
In this section, using minimax methods, we establish the existence of at least
two nontrivial smooth solutions of constant sign (one positive and one negative).
Let ϕ : W 1,p(Ω) → R be the energy (Euler) functional for problem (1) defined
by
ϕ(u) =
1
p
γ(u)−
∫
Ω
F (z, u(z))dz for all u ∈W 1,p(Ω).
Evidently, ϕ ∈ C1(W 1,p(Ω)). Let µ > ||ξ||∞ (see hypothesis H(ξ)) and consider
the following truncations-perturbations of the reaction term f(z, ·):
g+(z, x) =
{
0 if x 6 0
f(z, x) + µxp−1 if 0 < x
(6)
g−(z, x) =
{
f(z, x) + µ|x|p−2x if x < 0
0 if 0 6 x.
(7)
Both are Carathe´odory functions. We define
G±(z, x) =
∫ x
0
g±(z, s)ds
and consider the C1-functionals ϕˆ± :W
1,p(Ω)→ R defined by
ϕˆ±(u) =
1
p
γ(u) +
µ
p
||u||pp −
∫
Ω
G±(z, u(z))dz for all u ∈W
1,p(Ω).
Proposition 4. If hypotheses H(ξ), H(β), H(f)(i), (ii), (iii) hold, then the func-
tionals ϕˆ± satisfy the C-condition.
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Proof. We shall present the proof for the functional ϕˆ+, the proof for ϕˆ− is similar.
So, let {un}n>1 ⊆W
1,p(Ω) be a sequence such that
|ϕˆ+(un)| 6M1 for some M1 > 0, all n ∈ N,(8)
(1 + ||un||)ϕˆ
′
+(un)→ 0 in W
1,p(Ω).(9)
From (9) we have∣∣∣∣〈A(un), h〉+
∫
Ω
(ξ(z) + µ)|un|
p−2unhdz +
∫
∂Ω
β(z)|un|
p−2unhdσ −
∫
Ω
g+(z, un)hdz
∣∣∣∣
6
ǫn||h||
1 + ||un||
for all h ∈ W 1,p(Ω), with ǫn → 0
+.(10)
In (10) we choose h = −u−n ∈W
1,p(Ω). Then
γ(u−n ) + µ||u
−
n ||
p
p 6 ǫn for all n ∈ N (see (6)),
⇒ c2||u
−
n ||
p 6 ǫn for some c2 > 0, all n ∈ N (recall µ > ||ξ||∞, see H(β)),
⇒ u−n → 0 in W
1,p(Ω).(11)
From (10), (11) and (6), we have∣∣∣∣〈A(u+n ), h〉+
∫
Ω
ξ(z)(u+n )
p−1hdz +
∫
∂Ω
β(z)(u+n )
p−1hdσ −
∫
Ω
f(z, u+n )hdz
∣∣∣∣ 6 ǫ′n||h||12)
for all h ∈W 1,p(Ω), with ǫ′n → 0.
Claim 1. {u+n }n>1 ⊆W
1,p(Ω) is bounded.
We argue indirectly. So, suppose that the claim is not true. By passing to a
subsequence if necessary, we may assume that ||u+n || → ∞. We set yn =
u+n
||u+n ||
,
n ∈ N. Then
||yn|| = 1 and yn > 0 for all n ∈ N.
So, we may assume that
(13) yn
w
→ y in W 1,p(Ω) and yn → y in L
p(Ω) and in Lp(∂Ω), y > 0.
From (12) we have∣∣∣∣〈A(yn), h〉+
∫
Ω
ξ(z)yp−1n hdz +
∫
∂Ω
β(z)yp−1n hdσ −
∫
Ω
Nf (u
+
n )
||u+n ||p−1
hdz
∣∣∣∣ 6 ǫ′n ||h||||u+n ||p−1(14)
for all h ∈ W 1,p(Ω), all n ∈ N.
From (5) it is clear that
(15)
{
Nf (u
+
n )
||u+n ||p−1
}
n>1
⊆ Lp
′
(Ω) is bounded.
In (14) we choose h = yn − y ∈ W
1,p(Ω), pass to the limit as n → ∞ and use
(13) and (15). Then
lim
n→∞
〈A(yn), yn − y〉 = 0,
⇒ yn → y in W
1,p(Ω) (see Proposition 2), hence y > 0, ||y|| = 1.(16)
Because (15) and hypothesis H(f)(ii), at least for a subsequence we have
(17)
Nf(u
+
n )
||u+n ||p−1
w
→ λˆmy
p−1 in Lp
′
(Ω) as n→∞
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(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 16). Therefore, if
in (14) we pass to the limit as n→∞ and use (16), (17), then
〈A(y), h〉+
∫
Ω
ξ(z)yp−1hdz +
∫
∂Ω
β(z)yp−1hdσ = λˆm
∫
Ω
yp−1hdz
for all h ∈ W 1,p(Ω),
⇒ −∆py(z) + ξ(z)y(z)
p−1 = λˆmy(z)
p−1 for almost all z ∈ Ω,
∂y
∂np
+ β(z)yp−1 = 0(18)
on ∂Ω (see Papageorgiou & Ra˘dulescu [20]).
From (18) and since y 6= 0 (see (16)) and m > 2 (see hypothesis H(f)(ii)), it
follows that y must be nodal (that is, sign changing), which contradicts (16). This
proves the claim.
From (11) and the claim it follows that {un}n>1 ⊆ W
1,p(Ω) is bounded and so
we may assume that
un
w
→ u in W 1,p(Ω) and un → u in L
p(Ω) and in Lp(∂Ω).(19)
Evidently, {
Ng+(un)
}
n>1
⊆ Lp
′
(Ω) is bounded(20)
(see (5), (6), (19)). So, if in (10) we choose h = un−u ∈W
1,p(Ω), pass to the limit
as n→∞ and use (19), (20), then
lim
n→∞
〈A(un), un − u〉 = 0,
⇒ un → u in W
1,p(Ω) (see Proposition 2),
⇒ ϕˆ+ satisfies the C-condition.
Similarly for the functional ϕˆ−, using this time (7). 
Proposition 5. If hypotheses H(ξ), H(β), H(f)(i), (ii), (iii) hold, then the func-
tional ϕ satisfies the C-condition.
Proof. Let {un}n>1 ⊆W
1,p(Ω) be a sequence such that
|ϕ(un)| 6M2 for some M2 > 0, all n ∈ N,(21)
(1 + ||un||)ϕ
′(un)→ 0 in W
1,p(Ω)∗ as n→∞.(22)
From (22) we have∣∣∣∣〈A(un), h〉+
∫
Ω
ξ(z)|un|
p−2unhdz +
∫
∂Ω
β(z)|un|
p−2unhdσ −
∫
Ω
f(z, un)hdz
∣∣∣∣
6
ǫn||h||
1 + ||un||
for all h ∈ W 1,p(Ω), with ǫn → 0
+(23)
In (23) we choose h = un ∈ W
1,p(Ω) and obtain
(24) − γ(un) +
∫
Ω
f(z, un)undz 6 ǫn for all n ∈ N.
On the other hand, from (21) we have
(25) γ(un)−
∫
Ω
pF (z, un)dz 6 pM2 for all n ∈ N.
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We add (24) and (25). Then
(26)
∫
Ω
[f(z, un)un − pF (z, un)]dz 6M3 for some M3 > 0, all n ∈ N
Claim 2. {un}n>1 ⊆W
1,p(Ω) is bounded.
We argue again by contradiction. So, suppose that ||un|| → ∞. We set yn =
un
||un||
for all n ∈ N. Then ||yn|| = 1 and so we may assume that
(27) yn
w
→ y in W 1,p(Ω) and yn → y in L
p(Ω) and in Lp(∂Ω).
From (23) we have∣∣∣∣〈A(yn), h〉+
∫
Ω
ξ(z)|yn|
p−2ynhdz +
∫
∂Ω
β(z)|yn|
p−2ynhdz −
∫
Ω
Nf (un)
||un||p−1
hdz
∣∣∣∣
6
ǫn
(1 + ||un||)||un||p−1
for all n ∈ N.(28)
From (5) it is clear that
(29)
{
Nf (un)
||un||p−1
}
n>1
⊆ Lp
′
(Ω) is bounded.
So, if in (28) we choose h = yn − y ∈ W
1,p(Ω), pass to the limit as n →∞ and
use (27), (29), then
lim
n→∞
〈A(yn), yn − y〉 = 0,
⇒ yn → y in W
1,p(Ω) (see Proposition 2), hence ||y|| = 1.(30)
Since y 6= 0 (see (30)), for D = {z ∈ Ω : y(z) 6= 0} we have |D|N > 0, with | · |N
being the Lebesgue measure on RN and
(31) |un(z)| → +∞ for all z ∈ D.
Then hypothesis H(f)(iii), Fatou’s lemma and (31) imply that
(32)
∫
D
[f(z, un)un − pF (z, un)]dz → +∞ as n→∞.
Also, hypotheses H(f)(i), (iii) imply that we can find c3 > 0 such that
(33) − c3 6 f(z, x)x− pF (z, x) for almost all z ∈ Ω, all x ∈ R.
Then ∫
Ω
[f(z, un)un − pF (z, un)]dz
=
∫
D
[f(z, un)un − pF (z, un)]dz +
∫
Ω\D
[f(z, un)un − pF (z, un)]dz
>
∫
D
[f(z, un)un − pF (z, un)]dz − c3|Ω\D|N
(see (33) and recall that | · |N is the Lebesgue measure on R
N ),
⇒
∫
Ω
[f(z, un)un − pF (z, un)]dz → +∞ as n→∞ (see (32)).(34)
Comparing (26) and (34), we reach a contradiction. This proves the claim.
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Because of the claim, we may assume that
(35) un
w
→ u in W 1,p(Ω) and un → u in L
p(Ω) and in Lp(∂Ω).
From (5) and (35) we see that
(36) {Nf(un)}n>1 ⊆ L
p′(Ω) is bounded.
So, if in (23) we choose h = un − u ∈ W
1,p(Ω), pass to the limit as n→∞ and
use (35), (36), then
lim
n→∞
〈A(un), un − u〉 = 0,
⇒ un → u in W
1,p(Ω),
⇒ ϕ satisfies the C-condition.

Proposition 6. If hypotheses H(ξ), H(β), H(f)(iv) and (5) hold, then u = 0 is a
local minimizer of the functionals ϕˆ± and ϕ.
Proof. We give the proof for the functional ϕˆ+, the proofs for ϕˆ− and ϕ are similar.
Hypothesis H(f)(iv) implies that given ǫ > 0, we can find δ = δ(ǫ) > 0 such
that
(37) F (z, x) 6
1
p
(ϑ(z) + ǫ)|x|p for almost all z ∈ Ω, all |x| 6 δ.
If r > p, then because of (5) we can find c4 = c4(ǫ, r) > 0 such that
(38) F (z, x) 6 c4|x|
r for almost all z ∈ Ω, all |x| > δ
From (37) and (38) it follows that we can find c5 > 0 such that
(39) F (z, x) 6
1
p
(ϑ(z) + ǫ)|x|p + c5|x|
r for almost all z ∈ Ω, all x ∈ R
(recall that ϑ ∈ L∞(Ω), see hypothesis H(f)(iv)).
So, for all u ∈W 1,p(Ω), we have
ϕˆ+(u) >
1
p
γ(u) +
µ
p
||u−||pp −
1
p
∫
Ω
ϑ(z)(u+)pdz −
ǫ
p
||u+||p − c6||u||
r
for some c6 > 0 (see (39) and (6))
> c7||u
−||p +
1
p
[
γ(u+)−
∫
Ω
ϑ(z)(u+)pdz − ǫ||u+||p
]
− c6||u||
r
for some c7 > 0 (recall µ > ||ξ||∞)
> c7||u
−||p +
1
p
(c0 − ǫ)||u
+||p − c6||u||
r (see Proposition 3).(40)
Choosing ǫ ∈ (0, c0), from (40) we have
(41) ϕˆ+(u) > c8||u||
p − c6||u||
r for some c8 > 0, all u ∈ W
1,p(Ω).
Since r > p, from (41) we see that we can find ρ ∈ (0, 1) small such that
ϕˆ+(u) > 0 = ϕˆ+(0) for all u ∈ W
1,p(Ω), 0 < ||u|| 6 ρ,
⇒ u = 0 is a (strict) local minimizer of ϕˆ+.
Similarly for the functionals ϕˆ− and ϕ. 
We are now ready to produce two nontrivial smooth solutions of constant sign.
MULTIPLE SOLUTIONS FOR RESONANT PROBLEMS 11
Proposition 7. If hypotheses H(ξ), H(β), H(f) hold, then problem (1) has at least
two nontrivial constant sign smooth solutions
u0 ∈ D+ and v0 ∈ −D+.
Proof. Using (6) and (7) and the nonlinear regularity theory (see Lieberman [12,
Theorem 2]), we can easily check that
(42) Kϕˆ+ ⊆ C+ and Kϕˆ− ⊆ −C+.
So, we may assume that u = 0 is an isolated critical point of ϕˆ± or otherwise
we already have whole sequence of distinct smooth positive and negative solutions
of (1) which as we will see in the last part of this proof, using the nonlinear strong
maximum principle (see, for example, Gasinski & Papageorgiou [7, p. 738]), belong
in D+ and in −D+, respectively. Thus we are done.
Because u = 0 is an isolated critical point of ϕˆ+ and a local minimizer of ϕˆ+
(see Proposition 6), we can find ρ ∈ (0, 1) small such that
(43) ϕˆ+(0) = 0 < inf[ϕˆ+(u) : ||u|| = ρ] = mˆ
+
ρ
(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 29).
Hypothesis H(f)(ii) implies that
(44) ϕˆ+(tuˆ1)→ −∞ as t→ +∞ (recall m > 2)
From (43), (44) and Proposition 4 we see that we can apply Theorem 1 (the
mountain pass theorem) and find u0 ∈ W
1,p(Ω) such that
u0 ∈ Kϕˆ+ ⊆ C+ (see (42)) and ϕˆ+(0) = 0 < mˆ
+
ρ 6 ϕˆ+(u0) (see (43)),(45)
⇒ u0 6= 0 is a solution of (1).
From Papageorgiou & Ra˘dulescu [22] we know that u0 ∈ L
∞(Ω). Let ρ0 =
||u0||∞. Hypotheses H(f)(i), (iv) imply that we can find ξˆρ0 > 0 such that
(46) f(z, x)x+ ξˆρ0 |x|
p > 0 for almost all z ∈ Ω, all |x| 6 ρ0.
So, we have (see Papageorgiou & Ra˘dulescu [20])
−∆pu0(z) + (ξ(z) + ξˆρ0)u0(z)
p−1 = f(z, u0(z)) + ξˆρ0u0(z)
p−1 > 0 for almost all z ∈ Ω,
⇒ ∆pu0(z) 6 (||ξ||∞ + ξˆρ0)u0(z)
p−1 for almost all z ∈ Ω,
⇒ u0 ∈ D+ (by the nonlinear strong maximum principle, see [7, p. 738]).
In a similar fashion, working this time with the functional ϕˆ−, we produce a
negative smooth solution v0 ∈ −D+ for problem (1). 
4. Three Solutions Theorem
In this section, using Morse theoretic tools (critical groups), we establish the
existence of a third nontrivial smooth and thus prove the three solutions theorem
for problem (1) under conditions of resonance.
We start by examining the critical groups of ϕ at infinity.
Proposition 8. If hypotheses H(ξ), H(β), H(f) hold and Kϕ is finite, then Cm(ϕ,∞) 6=
0.
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Proof. Let λ ∈ (λˆm, λˆm+1)\σˆ(p) and consider the C
1-functional ψ : W 1,p(Ω) → R
defined by
ψ(u) =
1
p
γ(u)−
λ
p
||u||pp for all u ∈ W
1,p(Ω).
Consider the homotopy h(t, u) = ht(u) defined by
ht(u) = (1 − t)ϕ(u) + tψ(u) for all (t, u) ∈ [0, 1]×W
1,p(Ω).
Claim 3. There exist η ∈ R and δ0 > 0 such that
ht(u) 6 η ⇒ (1 + ||u||)||(ht)
′(u)||∗ > δ0 for all t ∈ [0, 1].
We argue indirectly. So, suppose that the claim is not true. Because the function
(t, u) 7→ ht(u) maps bounded sets into bounded sets, we can find {tn}n>1 ⊆ [0, 1]
and {un}n>1 ⊆W
1,p(Ω) such that
(47)
tn → t, ||un|| → ∞, htn(un)→ −∞ and (1 + ||un||)(htn)
′(un)→ 0 in W
1,p(Ω)∗.
From the last convergence in (47) we have∣∣∣∣〈A(un), h〉+
∫
Ω
ξ(z)|un|
p−2unhdz +
∫
∂Ω
β(z)|un|
p−2unhdσ −
(1− tn)
∫
Ω
f(z, un)hdz − tn
∫
Ω
λ|un|
p−2unhdz
∣∣∣∣ 6 ǫn||h||1 + ||un||(48)
for all h ∈W 1,p(Ω) with ǫn → 0
+.
We set yn =
un
||un||
n ∈ N. Then ||yn|| = 1 for all n ∈ N and so by passing to a
suitable subsequence if necessary, we may assume that
(49) yn
w
→ y in W 1,p(Ω) and yn → y in L
p(Ω) and in Lp(∂Ω).
From (48) we have∣∣∣∣〈A(yn), h〉+
∫
Ω
ξ(z)|yn|
p−2ynhdz +
∫
∂Ω
β(z)|yn|
p−2ynhdσ − (1 − tn)
∫
Ω
Nf (un)
||un||p−1
hdz−
tn
∫
Ω
λ|un|
p−2ynhdz
∣∣∣∣ 6 ǫn||h||(1 + ||un||)||un||p−1 for all n ∈ N.(50)
From (5) we see that
(51)
{
Nf (un)
||un||p−1
}
n>1
⊆ Lp
′
(Ω) is bounded.
From hypothesis H(f)(ii), (51) and by passing to a subsequence if necessary, we
have
(52)
Nf(un)
||un||p−1
w
→ λˆm|y|
p−2y in Lp
′
(Ω)
(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 30).
In (50) we choose h = yn − y ∈ W
1,p(Ω), pass to the limit as n → ∞ and use
(49), (52). We obtain
lim
n→∞
〈A(yn), yn − y〉 = 0,
⇒ yn → y in W
1,p(Ω) (see Proposition 2), hence ||y|| = 1.(53)
MULTIPLE SOLUTIONS FOR RESONANT PROBLEMS 13
Therefore, if in (50) we pass to the limit as n→∞ and use (52) and (53), then
〈A(y), h〉+
∫
Ω
ξ(z)|y|p−2yhdz +
∫
∂Ω
β(z)|y|p−2yhdσ
=
∫
Ω
[(1 − t)λˆm + tλ] |y|
p−2yhdz for all h ∈ W 1,p(Ω),
⇒ −∆py(z) + ξ(z)|y(z)|
p−2y(z) = λt|y(z)|
p−2y(z) for almost all z ∈ Ω,(54)
∂y
∂np
+ β(z)|y|p−2y = 0 on ∂Ω
with λt = (1 − t)λˆm + tλ (see Papageorgiou & Ra˘dulescu [20]). Note that λt ∈[
λˆm, λˆm+1
)
.
If λt /∈ σˆ(p), then from (54) we infer that y = 0, a contradiction to (53).
If λt ∈ σˆ(p), then from (53) we see that for D = {z ∈ Ω : y(z) 6= 0} we have
|D|N > 0. Also, we can say that
|un(z)| → +∞ for all z ∈ D,
⇒ f(z, un(z))un(z)− pF (z, un(z))→ +∞ for almost all z ∈ D,
⇒
∫
D
[f(z, un)un − pF (z, un)]dz → +∞(55)
(by Fatou’s lemma, see hypothesis H(f)(iii)).
Hypotheses H(f)(i), (ii) imply that we can find c9 > 0 such that
(56) − c9 6 f(z, x)x− pF (z, x) for almost all z ∈ Ω, all x ∈ R.
We have ∫
Ω
[f(z, un)un − pF (z, un)]dz
=
∫
D
[f(z, un)un − pF (z, un)]dz +
∫
Ω\D
[f(z, un)un − pF (z, un)]dz
>
∫
D
[f(z, un)un − pF (z, un)]dz + c9|Ω\D|N (see (56))
⇒
∫
Ω
[f(z, un)un − pF (z, un)]dz → +∞ as n→∞ (see (55)).(57)
On the other hand, from the third convergence in (47), we see that we can find
n0 ∈ N such that
(58) γ(un)− (1− tn)
∫
Ω
pF (z, un)dz − tnλ||un||
p
p 6 −1 for all n > n0.
Also, if in (48) we choose h = un ∈W
1,p(Ω), then
(59) − γ(un) + (1− tn)
∫
Ω
f(z, un)undz + tλ||un||
p
p 6 ǫn for all n ∈ N.
By taking n0 ∈ N even bigger if necessary, we may assume that ǫn ∈ (0, 1) for
all n > n0 (recall that ǫn → 0
+). Adding (58) and (59), we obtain
(60) (1− tn)
∫
Ω
[f(z, un)un − pF (z, un)]dz 6 0 for all n > n0.
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Note that we can assume that tn ∈ [0, 1) for all n > n0. Indeed, if there is a
subsequence {tnk}k>1 of {tn}n>1 such that tnk = 1 for all k ∈ N, then t = 1 (see
(47)) and from the previous argument we have
−∆py(z) + ξ(z)|y(z)|
p−2y(z) = λ|y(z)|p−2y(z) for almost all z ∈ Ω,
∂y
∂np
+ β(z)|y|p−2y = 0 on ∂Ω,
⇒ y = 0 (since λ /∈ σˆ(p)),
which contradicts (53).
So, tn ∈ [0, 1) for all n > n0 and from (60) we have
(61)
∫
Ω
[f(z, un)un − pF (z, un)]dz 6 0 for all n > n0.
Comparing (57) and (61) we reach a contradiction. This proves the claim.
A careful reading of the proof of the claim, reveals that the same argument with
minor changes, shows that for every t ∈ [0, 1], ht(·) satisfies the C-condition. So,
we can apply Theorem 5.1.21 of Chang [3, p. 334] (with a = η, b ≡ +∞, see also
Liang & Su [11, Proposition 3.2]) and infer that
Ck(h0,∞) = Ck(h1,∞) for all k ∈ N0,
⇒ Ck(ϕ,∞) = Ck(ψ,∞) for all k ∈ N0.(62)
We introduce the following two sets
Cr = {u ∈W
1,p(Ω) : γ(u) < λ||u||pp, ||u|| = r},
E = {u ∈W 1,p(Ω) : γ(u) > λ||u||pp}.
Both are symmetric sets and Cr ∩ E = ∅. The set ∂Br = {u ∈W
1,p(Ω) : ||u|| =
r} is a Banach C1-manifold and so it is locally contractible. The set Cr is an open
subset of ∂Br, so it is locally contractible, too. Evidently, the open set W
1,p(Ω)\E
is locally contractible. Since λ ∈ (λˆm, λˆm+1)\σˆ(p), we have
indCr = ind (W
1,p(Ω)\E) = m,
and recall that ind (·) denotes the Fadell-Rabinowitz cohomological index, see [6].
Moreover, from Theorem 3.6 of Cingolani & Degiovanni [4], we know that the sets
Cr and E homologically link in dimension m. So, we can apply Theorem 3.2 of
Cingolani & Degiovanni [4] and infer that
(63) Cm(ψ, 0) 6= 0.
But since λ ∈ (λˆm, λˆm+1)\σˆ(p), we have
Kψ = {0},
⇒ Ck(ψ, 0) = Ck(ψ,∞) for all k ∈ N0
(see Motreanu, Motreanu & Papageorgiou [16], Proposition 6.61, p. 160),
⇒ Cm(ψ,∞) 6= 0 (see (63)),
⇒ Cm(ϕ,∞) 6= 0 (see (62)).

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In what follows we outline an alternative approach to showing that Cm(ϕ,∞) 6=
0.
Note that the p-homogeneity of ψ implies that
(64) ψ0 is contractible
(just use the radial contraction). In a similar way, we can see that
(65) ψ0\{0} is homotopy equivalent to ψ0 ∩ ∂BL
p
1 .
Here, ∂BL
p
1 = {u ∈ L
p(Ω) : ||u||p = 1}. Let ∗ ∈ ψ
0\{0} and consider the
following triple of sets
{∗} ⊆ ψ0\{0} ⊆ ψ0.
For this triple we consider the corresponding “reduced” long exact sequence of
singular homology groups (see Motreanu, Motreanu & Papageorgiou [16], Proposi-
tion 6.21, p. 146).
(66) · · · → Hk(ψ
0, ∗)
j∗
−→ Hk(ψ
0, ψ0\{0})
∂ˆ∗−→ Hk−1(ψ
0\{0}, ∗)→ · · · k ∈ N,
where j∗ is the homomorphism induced by the inclusion (ψ
0, ∗)
j
→֒(ψ0, ψ0\{0}) and
∂ˆ∗ is the composed boundary homomorphism (see Motreanu, Motreanu & Papa-
georgiou [16], Proposition 6.14, p. 143). From (64) we have
(67) Hk(ψ
0, ∗) = 0 for all k ∈ N0
(see Motreanu, Motreanu & Papageorgiou [16], Proposition 6.24, p. 147). Also,
from the exactness of (66) we have
ker ∂ˆ∗ = im j∗ = 0 (see (67)),
⇒ ∂ˆ∗ is a homomorphism onto Hk−1(ψ
0\{0}, ∗) (see (66)),
⇒ Hk(ψ
0, ψ0\{0}) = H˜k−1(ψ
0 ∩ ∂BL
p
1 ) (see (65)).(68)
Here, H˜k−1(ψ
0 ∩ ∂BL
p
1 ) denotes the reduced homology group.
Since ψ0 ∩ ∂BL
p
1 = {u ∈ W
1,p(Ω) : γ(u) 6 λ||u||pp, ||u||p = 1} and λ ∈
(λˆm, λˆm+1)\σˆ(p) as in Perera [24], we can show that
H˜m−1(ψ
0 ∩ ∂BL
p
1 ) 6= 0,
⇒ Hm(ψ
0, ψ0\{0}) 6= 0 (see (68)),
⇒ Cm(ψ, 0) 6= 0,
⇒ Cm(ψ,∞) 6= 0 (recall that Cm(ψ, 0) = Cm(ψ,∞) since Kψ = {0}),
⇒ Cm(ϕ,∞) 6= 0 (see (62)).
We also compute the critical groups at infinity for the functionals ϕˆ±.
Proposition 9. If hypotheses H(ξ), H(β), H hold and Kϕˆ± are finite, then Ck(ϕˆ±,∞) =
0 for all k ∈ N0.
Proof. We give the proof for the functional ϕˆ+, the proof for ϕˆ− is similar.
As before, let λ ∈ (λˆm, λˆm+1)\σˆ(p) and consider the C
1-functional ψˆ+ :W
1,p(Ω)→
R defined by
ψˆ+(u) =
1
p
γ(u) +
µ
p
||u−||pp −
λ
p
||u+||pp for all u ∈W
1,p(Ω),
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with µ > ||ξ||∞ (see hypothesis H(ξ)). We introduce the homotopy hˆ
+(t, u) =
hˆ+t (u) defined by
hˆ+t (u) = (1− t)ϕˆ+(u) + tψˆ+(u) for all (t, u) ∈ [0, 1]×W
1,p(Ω).
Claim 4. There exist ηˆ ∈ R and δˆ0 > 0 such that
hˆ+t (u) 6 ηˆ ⇒ (1 + ||u||)||(hˆ
+
t )
′(u)||∗ > δˆ0 for all t ∈ [0, 1].
We again argue by contradiction. So, suppose that the claim is not true. Then
since (t, u) 7→ hˆ+t (u) maps bounded sets to bounded sets, we can find sequences
{tn}n>1 ⊆ [0, 1] and {un}n>1 ⊆W
1,p(Ω) such that
(69)
tn → t, ||un|| → ∞, hˆ
+
tn(un)→ −∞ and (1 + ||un||)(hˆ
+
tn)
′(un)→ 0 in W
1,p(Ω)∗.
From the last convergence established in (69), we have∣∣∣∣〈A(un), h〉+
∫
Ω
ξ(z)|un|
p−2unhdz +
∫
∂Ω
β(z)|un|
p−2unhdσ − µ
∫
Ω
(u−n )
p−1hdz
−(1− tn)
∫
Ω
f(z, u+n )hdz − tn
∫
Ω
λ(u+n )
p−1hdz
∣∣∣∣ 6 ǫn||h||1 + ||un||(70)
for all h ∈ W 1,p(Ω), with ǫn → 0
+ (see (6)).
In (70) we choose h = −u−n ∈W
1,p(Ω). Then
γ(u−n ) + µ||u
−
n ||
p
p 6 ǫn for all n ∈ N,
⇒ c10||u
−
n ||
p 6 ǫn for some c10 > 0, all n ∈ N (since µ > ||ξ||∞),
⇒ u−n → 0 in W
1,p(Ω).(71)
From (69) we know that ||un|| → ∞. Because of (71) it follows that
||u+n || → ∞.
Let yn =
u+n
||u+n ||
, n ∈ N. Then ||yn|| = 1 for all n ∈ N. So, by passing to a
subsequence if necessary, we may assume that
(72) yn
w
→ y in W 1,p(Ω) and yn → y in L
p(Ω) and in Lp(∂Ω), y > 0.
From (70) and (71) we have∣∣∣∣〈A(yn), h〉+
∫
Ω
ξ(z)|yn|
p−2ynhdz +
∫
∂Ω
β(z)|yn|
p−2ynhdσ − (1 − tn)
∫
Ω
Nf (u
+
n )
||u+n ||p−1
hdz
−tn
∫
Ω
λyp−1n hdz
∣∣∣∣ 6 ǫ′n||h|| for all h ∈W 1,p(Ω) with ǫ′n → 0+.(73)
It is clear from (5) that
(74)
{
Nf (u
+
n )
||u+n ||p−1
}
n>1
⊆ Lp
′
(Ω) is bounded.
Using (74) and hypothesis H(f)(ii), for at least a subsequence, we have
(75)
Nf (u
+
n )
||u+n ||p−1
w
→ λˆmy
p−1 in Lp
′
(Ω).
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In (73) we choose h = yn − y ∈ W
1,p(Ω), pass to the limit as n → ∞ and use
(72) and (75). Then
lim
n→∞
〈A(yn), yn − y〉 = 0,
⇒ yn → y in W
1,p(Ω), hence ||y|| = 1, y > 0.(76)
Passing to the limit as n→∞ in (73) and using (75) and (76), we obtain
〈A(y), h〉+
∫
Ω
ξ(z)|y|p−2yhdz +
∫
∂Ω
β(z)|y|p−2yhdσ = (1− t)
∫
Ω
λˆmy
p−1hdz +
t
∫
Ω
λyp−1hdz for all h ∈W 1,p(Ω),
⇒ −∆py(z) + ξ(z)y(z)
p−1 = λty(z)
p−1 for almost all z ∈ Ω,
∂y
∂np
+ β(z)yp−1 = 0 on ∂Ω (see Papageorgiou & Ra˘dulescu [20]),(77)
with λt = (1− t)λˆm + tλ.
We see that λt ∈
[
λˆm, λˆm+1
)
and since m > 2, if λt ∈ σˆ(p), then it must be a
nonprincipal eigenvalue and so from (77) it follows that
y = 0 or y is nodal,
both contradicting (76). If λt /∈ σˆ(p), then y = 0 (see (77)), again a contradiction.
This proves Claim 4.
Claim 4 says that we can find ηˆ0 6 ηˆ such that
(78) ηˆ0 is a regular value for all hˆ
+
t , t ∈ [0, 1].
The above argument with minor changes also shows that
for all t ∈ [0, 1], hˆ+t satisfies the C-condition.
We apply Theorem 5.1.21 of Chang [3, p. 334] (with a ≡ ηˆ0 and b ≡ +∞; see
also Liang & Su [11, Proposition 3.2]) and obtain
(79) Ck(ϕˆ+,∞) = Ck(ψˆ+,∞) for all k ∈ N0.
Next, we consider the homotopy h˜+(t, u) = h˜+t (u) defined by
h˜+t (u) = ψˆ+(u)− t
∫
Ω
udz for all (t, u) ∈ [0, 1]× (W 1,p(Ω)\{0}).
Claim 5. (h˜+t )
′(u) = 0 for all t ∈ [0, 1], all u ∈ W 1,p(Ω), u 6= 0.
We proceed by contradiction. So, suppose that we can find t ∈ [0, 1] and u ∈
W 1,p(Ω), u 6= 0 such that
(h˜+t )
′(u) = 0,
⇒ 〈A(u), h〉+
∫
Ω
ξ(z)|u|p−2uhdz +
∫
∂Ω
β(z)|u|p−2uhdσ −
∫
Ω
µ(u−)p−1hdz
=
∫
Ω
λ(u+)p−1hdz + t
∫
Ω
hdz for all h ∈ W 1,p(Ω).(80)
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In (80) we choose h = −u− ∈W 1,p(Ω). Then
γ(u−) + µ||u−||22 = t
∫
Ω
(−u−)dz 6 0,
⇒ c11||u
−||2 6 0 for some c11 > 0 (since µ > ||ξ||∞),
⇒ u > 0, u 6= 0.
Then equation (80) becomes
〈A(u), h〉+
∫
Ω
ξ(z)up−1hdz +
∫
∂Ω
β(z)up−1hdσ =
∫
Ω
(λup−1 + t)hdz
for all h ∈ W 1,p(Ω),
⇒ −∆pu(z) + ξ(z)u(z)
p−1 = λu(z)p−1 + t for almost all z ∈ Ω,(81)
∂u
∂np
+ β(z)up−1 = 0 on ∂Ω (see Papageorgiou & Ra˘dulescu [20]).
As before, from (81) and the nonlinear regularity theory (see [12]), we have
u ∈ C+\{0}.
Also, we have
∆pu(z) 6 (||ξ||∞ + |λ|)u(z)
p−1 for almost all z ∈ Ω,
⇒ u ∈ D+
(from the nonlinear strong maximum principle, see Gasinski & Papageorgiou [7, p. 738]).
Let v ∈ D+ and consider the function
R(v, u)(z) = |Dv(z)|p − |Du(z)|p−2(Du(z), D
(
vp
up−1
)
(z))RN .
Using the nonlinear Picone’s identity (see, for example, Motreanu, Motreanu &
Papageorgiou [16, p. 255]), we have
0 6
∫
Ω
R(v, u)dz
= ||Dv||pp −
∫
Ω
(−∆pu)
(
vp
up−1
)
dz −
∫
∂Ω
β(z)vpdσ
(using the nonlinear Green’s identity, see Gasinski & Papageorgiou [7, p. 211])
= ||Dv||pp +
∫
Ω
ξ(z)vpdz +
∫
∂Ω
β(z)vpdσ − λ||v||pp − t
∫
Ω
up
vp−1
dz (see (81))
6 γ(v)− λ||v||pp (since u, v ∈ D+).(82)
Let v = uˆ1 ∈ D+. Then from (82) we have
0 6 λˆ1 − λ < 0 (since ||uˆ1||p = 1 and λ > λˆm > λˆ2 > λˆ1; recall m > 2),
a contradiction.
This proves Claim 5.
The homotopy invariance property of the singular homology groups implies that
for small r > 0, we have
Hk((h˜
+
0 )
0 ∩Br, (h˜
+
0 )
0 ∩Br\{0}) = Hk((h˜
+
1 )
0 ∩Br, (h˜
+
1 )
0 ∩Br\{0})(83)
for all k ∈ N0.
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Claim 5 implies that
Hk((h˜
+
1 )
0 ∩Br, (h˜
+
1 )
0 ∩Br\{0}) = 0 for all k ∈ N0(84)
(see Motreanu, Motreanu & Papageorgiou [16], Proposition 6.61, p. 160).
Also, by definition we have
Hk((h˜
+
0 )
0 ∩Br, (h˜
+
0 )
0 ∩Br\{0}) = Ck(ψˆ+, 0) for all k ∈ N0 (note that h˜
+
0 = ψˆ+)(85)
From (83), (84), (85) we infer that
(86) Ck(ψˆ+, 0) = 0 for all k ∈ N0.
Since λ ∈ (λˆm, λˆm+1)\σˆ(p), we have
Kψˆ+ = {0}
⇒ Ck(ψˆ+,∞) = Ck(ψˆ+, 0) for all k ∈ N0
(see Motreanu, Motreanu & Papageorgiou [16, p. 160]),
⇒ Ck(ψˆ+,∞) = 0 for all k ∈ N0 (see (86)),
⇒ Ck(ϕˆ+, 0) = 0 for all k ∈ N0 (see (79)).
Similarly for the functional ϕˆ−, using this time the C
1-functional ψˆ− :W
1,p(Ω)→
R defined by
ψˆ−(u) =
1
p
γ(u) +
µ
p
||u+||pp − λ||u
−||pp for all u ∈ W
1,p(Ω).

This proposition permits the exact computation of the critical groups of ϕ at
the two nontrivial constant sign smooth solutions u0 ∈ D1 and v0 ∈ −D+ (see
Proposition 7).
Proposition 10. If hypotheses H(ξ), H(β), H(f) hold, u0 ∈ D+ and v0 ∈ −D+
from Proposition 7 are the only nontrivial constant sign smooth solutions of (1) and
Kϕ is finite, then Ck(ϕ, u0) = Ck(ϕ, v0) = δk,1Z for all k ∈ N0.
Proof. We give the proof for the solution u0 ∈ D+, the proof for v0 ∈ −D+ is
similar.
From (42) and the hypothesis of the proposition, we have
Kϕˆ+ = {0, u0}.
Let η < 0 < a < mˆ+ρ (see (43)). We consider the following triple of sets
ϕˆη+ ⊆ ϕˆ
a
+ ⊆W
1,p(Ω).
For this triple, we consider the corresponding long exact sequence of singular
homology groups (see Motreanu, Motreanu & Papageorgiou [16, Proposition 6.14,
p. 143]). We have
(87)
· · · → Hk(W
1,p(Ω), ϕˆη+)
j∗
−→ Hk(W
1,p(Ω), ϕˆa+)
∂ˆ∗−→ Hk−1(ϕˆ
a
+, ϕˆ
η
+)→ · · · for all k ∈ N.
Here, j∗ is the group homomorphism induced by the inclusion
(W 1,p(Ω), ϕˆη+)
j
→֒(W 1,p(Ω), ϕˆa+)
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and ∂ˆ∗ is the composed boundary homomorphism (see [16]). By the rank theorem,
we have
rankHk(W
1,p(Ω), ϕˆa+) = rank ker ∂ˆ∗ + rank im ∂ˆ∗
= rank im j∗ + rank im ∂ˆ∗(88)
(from the exactness of (87)).
From the choice of η and since Kϕˆ+ = {0, u0}, we have
(89) Hk(W
1,p(Ω), ϕˆη+) = Ck(ϕˆ+, u0) for all k ∈ N0.
Also because a ∈ (0, mˆ+ρ ) and since Kϕˆ+ = {0, u0}, we have
Hk(W
1,p(Ω), ϕˆa+) = Ck(ϕˆ+, u0) for all k ∈ N0(90)
(see Motreanu, Motreanu & Papageorgiou [16], Lemma 6.55, p. 157).
Finally, because η < 0 < a < mˆ+ρ and since K = {0, u0}, we have
Hk−1(ϕˆ
a
+, ϕˆ
η
+) = Ck−1(ϕˆ+, 0) = δk−1,0Z = δk,1Z for all k ∈ N0(91)
(see Proposition 6).
Returning to (88) and using (89), (90), (91), we see that
(92) rankC1(ϕˆ+, u0) 6 1.
On the other hand, u0 ∈ D+ is a critical point of mountain pass type (see the
proof of Proposition 7). So, we have
(93) C1(ϕ, u0) 6= 0
(see Corollary 6.81, p. 168 of Motreanu, Motreanu & Papageorgiou [16]). From
(92), (93) and since in (87) the part k > 2 is trivial (see (89), (90)), we infer that
(94) Ck(ϕˆ+, u0) = δk,1Z for all k ∈ N0.
We consider the homotopy h+(t, u) = h+t (u) defined by
h+t (u) = (1− t)ϕ(u) + tϕˆ+(u) for all (t, u) ∈ [0, 1]×W
1,p(Ω).
Suppose we could find {tn}n>1 ⊆ [0, 1] and {un}n>1 ⊆W
1,p(Ω) such that
(95) tn → t ∈ [0, 1], un → u0 in W
1,p(Ω) and (h+tn)
′(un) = 0 for all n ∈ N.
From the equality in (95), we have
〈A(un), h〉+
∫
Ω
ξ(z)|un|
p−2unhdz +
∫
∂Ω
β(z)|un|
p−2hdσ − tn
∫
Ω
(u−n )
p−1hdz
= (1 − tn)
∫
Ω
f(z, un)hdz + tn
∫
Ω
f(z, u+n )hdz for all h ∈W
1,p(Ω),
⇒ −∆pun(z) + ξ(z)|un(z)|
p−2un(z) = (1− tn)f(z, un(z)) + tnf(z, u
+
n (z)) + tn(u
−
n )
p−1
for almost all z ∈ Ω,
∂un
∂np
+ β(z)|un|
p−2un = 0 on ∂Ω, for all n ∈ N(96)
(see Papageorgiou & Ra˘dulescu [20]).
From (96) and Papageorgiou & Ra˘dulescu [22], we know that we can findM4 > 0
such that
||un||∞ 6M4 for all n ∈ N.
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Using Theorem 2 of Lieberman [12], we can find α ∈ (0, 1) andM5 > 0 such that
(97) un ∈ C
1,α(Ω) and ||un||C1,α(Ω) 6M5 for all n ∈ N.
Exploiting the compact embedding of C1,α(Ω) into C1(Ω), we infer from (95)
and (97) that
un → u0 ∈ D+ in C
1(Ω) as n→∞.
Since D+ ⊆ C
1(Ω) is open, we can find n0 ∈ N such that
un ∈ D+ for all n > n0.
But note that ϕ|C+ = ϕˆ+|C+ (see (6)). So, we can see that {un}n>1 ⊆ Kϕ
and this contradicts our hypothesis that the critical set Kϕ is finite. Therefore
(95) cannot happen and so we can use Theorem 5.2 of Corvellec & Hantoute [5]
(homotopy invariance of critical groups) and have
Ck(h
+
0 , u0) = Ck(h
+
1 , u0) for all k ∈ N0,
⇒ Ck(ϕ, u0) = Ck(ϕˆ+, u0) for all k ∈ N0,
⇒ Ck(ϕ, u0) = δk,1Z for all k ∈ N0 (see (94)).
Similarly for the negative solution v0 ∈ −D+ using this time the functional ϕˆ−
and (7). 
We are now ready for the complete multiplicity theorem (three solutions theo-
rem) for problem (1).
Theorem 11. If hypotheses H(ξ), H(β), H(f) hold, then problem (1) has at least
three nontrivial smooth solutions
u0 ∈ D+, v0 ∈ −D+ and y0 ∈ C
1(Ω)\{0}.
Proof. From Proposition 7, we already have two nontrivial constant sign smooth
solutions
u0 ∈ D+ and v0 ∈ −D+.
Suppose that Kϕ is finite. Otherwise we already have an infinity of nontrivial
solutions in addition to u0, v0 which belong in C
1(Ω) (by the nonlinear regularity
theory, see [12]) and so we are done.
From Proposition 10, we have
Ck(ϕ, u0) = Ck(ϕ, v0) = δk,1Z for all k ∈ N0.(98)
From Proposition 6, we have
(99) Ck(ϕ, 0) = δk,0Z for all k ∈ N0.
According to Proposition 8, Cm(ϕ,∞) 6= 0. So, there exists y0 ∈ W
1,p(Ω) such
that
(100) y0 ∈ Kϕ and Cm(ϕ, y0) 6= 0 (see Section 2).
Since m > 2, we infer from (98), (99), (100) that
y0 /∈ {0, u0, v0}.
Therefore y0 is the third nontrivial solution of (1) (see (100)) and by the nonlinear
regularity theory (see [12]), we have y0 ∈ C
1(Ω). 
22 N.S. PAPAGEORGIOU, V.D. RA˘DULESCU, AND D.D. REPOVSˇ
Acknowledgments. This research was supported in part by the Slovenian Re-
search Agency grants P1-0292, J1-7025, and J1-6721. V. Ra˘dulescu was supported
by a grant of the Romanian National Authority for Scientific Research and Inno-
vation, CNCS-UEFISCDI, project number PN-III-P4-ID-PCE-2016-0130.
References
[1] S. Aizicovici, N.S. Papageorgiou, V. Staicu, Degree Theory for Operators of Monotone Type
and Nonlinear Elliptic Equations with Inequality Constraints, Memoirs Amer. Math. Soc.,
Vol. 196, No. 905 (2008), pp. 70.
[2] A. Ambrosetti, P. Rabinowitz, Dual variational methods in critical point theory and appli-
cations, J. Functional Anal. 14 (1973), 349-381.
[3] K.C. Chang, Methods in Nonlinear Analysis, Springer-Verlag, Berlin, 2005.
[4] S. Cingolani, M. Degiovanni, Nontrivial solutions for p-Laplace equations with right-hand
side having p-linear growth, Comm. Partial Diff. Equations 30 (2005), 1191-1203.
[5] J.-N. Corvellec, A. Hantoute, Homotopical stability of isolated critical points of continuous
functionals, Set-Valued Anal. 10 (2002), 143-164.
[6] E. Fadell, P. Rabinowitz, Generalized cohomological index theories for Lie group actions with
an application to bifurcation questions for Hamiltonian systems, Invent. Math. 45 (1978),
139-174.
[7] L. Gasinski, N.S. Papageorgiou, Nonlinear Analysis, Chapman & Hall/CRC, Boca Raton,
FL, 2006.
[8] L. Gasinski, N.S. Papageorgiou, Existence of three nontrivial smooth solutions for nonlinear
resonant Neumann problems driven by the p-Laplacian, Z. Anal. Anwend. 29 (2010), 413-428.
[9] L. Gasinski, N.S. Papageorgiou, Multiple solutions for asymptotically (p − 1)-homogeneous
p-Laplacian equations, J. Functional Analysis 262 (2012), 2403-2435.
[10] Y. Guo, J. Liu, Solutions of p-sublinear p-Laplacian equation via Morse theory, J. London
Math. Soc. 72 (2005), 632-644.
[11] Z. Liang, J. Su, Multiple solutions for semilinear elliptic boundary value problems with double
resonance, J. Math. Anal. Appl. 354 (2009), 147-158.
[12] G. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlin.
Anal. 12 (1988), 1203-1219.
[13] J. Liu, S. Liu, The existence of multiple solutions to quasilinear elliptic equations, Bull.
London Math. Soc. 37 (2005), 592-600.
[14] D. Motreanu, V. Motreanu, N.S. Papageorgiou, Positive solutions and multiple solutions
at nonresonance, resonance and near resonance for hemivariational inequalities with p-
Laplacian, Trans. Amer. Math. Soc. 360 (2008), 2527-2545.
[15] D. Motreanu, V. Motreanu, N.S. Papageorgiou, Nonlinear Neuman problems near resonance,
Indiana Univ. Math. J. 58 (2009), 1257-1279.
[16] D. Motreanu, V. Motreanu, N.S. Papageorgiou, Topological and Variational Methods with
Applications to Nonlinear Boundary Value Problems, Springer, New York, 2014.
[17] D. Mugnai, N.S. Papageorgiou, Resonant nonlinear Neumann problems with indefinite
weight, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 11 (2012), 729-788.
[18] E. Papageorgiou, N.S. Papageorgiou, A multiplicity theorem for problems with the p-
Laplacian, J. Functional Analysis 244 (2007), 63-77.
[19] N.S. Papageorgiou, V.D. Ra˘dulescu, Qualitative phenomena for some classes of quasilinear
elliptic equations with multiple resonance, Appl. Math. Optim. 69 (2014), 393-430.
[20] N.S. Papageorgiou, V.D. Ra˘dulescu, Multiple solutions with precise sign for nonlinear para-
metric Robin problems, J. Differential Equations 256 (2014), 2449-2479.
[21] N.S. Papageorgiou, V.D. Ra˘dulescu, Solutions with sign information for nonlinear nonho-
mogeneous elliptic equations, Topol. Methods Nonlin. Anal. 45 (2015), 575-600.
[22] N.S. Papageorgiou, V.D. Ra˘dulescu, Nonlinear nonhomogeneous Robin problems with super-
linear reaction term, Advanced Nonlinear Studies 16 (2016), 737-764.
[23] N.S. Papageorgiou, V.D. Ra˘dulescu, D.D. Repovsˇ, On a class of parametric (p, 2)-equations,
Appl. Math. Optim. 75 (2017), 193-228.
[24] K. Perera, Nontrivial critical groups in p-Laplacian problems via the Yang index, Topol.
Methods Nonlin. Anal. 21 (2003), 301-309.
MULTIPLE SOLUTIONS FOR RESONANT PROBLEMS 23
National Technical University, Department of Mathematics, Zografou Campus, Athens
15780, Greece
E-mail address: npapg@math.ntua.gr
Department of Mathematics, Faculty of Sciences, King Abdulaziz University, P.O.
Box 80203, Jeddah 21589, Saudi Arabia & Department of Mathematics, University of
Craiova, 200585 Craiova, Romania
E-mail address: vicentiu.radulescu@imar.ro
Faculty of Education and Faculty of Mathematics and Physics, University of Ljubl-
jana, SI-1000 Ljubljana, Slovenia
E-mail address: dusan.repovs@guest.arnes.si
